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Abstract — Concept of using a second-order switching surface in
the boundary control of inverters is derived in this paper. The
switching surface is formulated by estimating the state trajectory
movement after a switching action. It results in a high state
trajectory velocity along the switching surface. This phenomenon
accelerates the trajectory moving towards the target operating
point. Time-domain responses of the inverter with the proposed
boundary control method under large-signal variations have been
analyzed. The proposed control scheme has been successfully
applied to a 100 W full-bridge inverter. Practical implementation
of the system will be provided. Dynamic responses of the inverter
supplying to different kinds of loads, including a resistive load, an
inductive load, and a diode-capacitor rectifying circuit, have been
studied. Experimental results show that the inverter output
voltage can attain a low total harmonic distortion at different load
conditions and fast response to a large-signal load disturbance and
an output reference voltage change.

Index Terms - Boundary control, geometric control method,
second-order switching surface, state trajectory control, inverters

I. INTRODUCTION

Nowadays, switch-mode inverters are widely used in power
conditioning systems and ac motor drives. Their main function
is to produce a sinusoidal ac output whose magnitude and
frequency can be both controlled. Among various types of
inverters, pulsewidth-modulated (PWM) inverter is the most
popular one.  Apart from high conversion -efficiency,
high-performance inverter requires high input stability and
reliability, fast transient response, and low output impedance,
total harmonic distortion (THD), and -electromagnetic
interference.

A typical PWM inverter system consists of a dc source, dc-ac
inverter, and LC filter. In order to minimize the THD of the
output voltage, many PWM modulation methods [1]-[3] have
been used to regulate the fundamental component and eliminate
the low-order harmonics. Moreover, many closed-loop control
schemes have been proposed, in order to attain good dynamic
response [4]-[6]. However, design of the feedback controller
for those inverter systems is generally based on the small-signal
linearized model. The inverter performance will deviate much
from the expected profile if the inverter is subject to a
large-signal disturbance.

Many research articles focus on studying the use of boundary
control in inverter systems. Boundary control is a geometric
based control approach suitable for switching converters [7, 8].
Its advantage lies in its generality of controlling converter
operation without differentiating startup, transient, and steady
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state, so it is possible to deal with large-signal disturbances.
The boundary control method is to drive the state trajectory of
the inverter power stage onto a desired surface in the state space.
Typical switching surface is a linear one (c'). Various
c'-derived boundary control methods, such as the sliding-mode
control and hysteresis control, are widely studied for power
converters [9]-[12].  All those methods provide good
steady-state and large-signal response and stability, but the



transient dynamics is still non-optimal. Much research work
extends the concepts, such as the adaptive hysteresis control in
[13, 14], to enhance the dynamics.

Recently, boundary control using second-order switching
surface (o”) has been proposed in [15] that the dynamic
behaviors are better than c'. By approximating the ideal
switching surface with a second order function, 6* can achieve
near-optimum  large-signal ~ response  with  simple
implementation of the control circuit. In this paper, concept of
o* will be applied to control a dc-ac full-bridge inverter. The
proposed control scheme has been successfully applied to a 100
W full-bridge inverter. Practical implementation of the system
will be provided. Dynamic responses of the inverter supplying
to different kinds of loads, including a resistive load, an
inductive load, and a diode-capacitor rectifying circuit, have
been studied. Experimental results show that the inverter
output voltage can attain a low total harmonic distortion at
different load conditions and fast response to a large-signal load
disturbance and an output reference voltage change.

II. PRINCIPLE OF OPERATION
Fig. 1 shows a single-phase full-bridge dc-ac inverter. The
inverter is supplied from a dc source v; through a low-pass filter
formed by L and C. The load is represented by a resistor R.
Switches (Sa+, Sp.) are switched in anti-phase with (Sa., Sp+).
The system can be represented by the following state-space
equations,

)'czA0x+Bou+(A1x+B1u)q1 +(A2x+B2u)q2 1)
where x = [i;, v¢], u = v;, 4, and B, are constant matrix and ¢;
represents the state of the switches. (Sa+, Sp.) are onif {g, ¢»} =
{1, 0}, and (Sa., Sg+) are on if {gq,, ¢} = {0, 1}. Matrices Ay, By,
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A family of the state-space trajectories and the load line are
shown in Fig. 2. Fig. 2(a) shows the characteristics when R =5
Q. Fig. 2(b) shows the characteristics when R = 1 Q. The
component values used in the analysis are tabulated in Table 1.
The trajectories consist of two main types - the positive-state
trajectories and the negative-state trajectories. They are
obtained by solving (1) with different initial conditions. The
positive-state trajectory is obtained by setting {qy, ¢»} = {1, 0},
while the negative-state trajectory is obtained by setting {¢1, ¢»}
= {0, 1}. As discussed in [7], the tangential component of the
state-trajectory velocity on the switching surface determines the
rate at which successor points approach or recede from the
target operating point. An ideal switching surface o’ that gives
optimum dynamics should be on the only trajectory passing
through the target operating point. o' for target operating point
at +12 V is shown in Fig. 2. For dc-ac application, the output
voltage v, is time varying and follow the reference signal.
Therefore, the target operating point of ¢ is also
time-dependent. Although o’ can achieve steady-state operation
for a step change in the output current or reference voltage in
one on/off control, it is load-dependent and requires

Ay, By, A, and B, are defined as A4, :{
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Fig.4  Implementation of the controller.

sophisticated computation for solving the only positive- and
negative-state trajectory that passes each of the target operating
points in a time varying system.

A second-order surface %, which is close to the ideal surface
around the operating point, is derived in the following. The
concept is based on estimating the state trajectory after a
hypothesized switching action. As the switching frequency of
the switches is much higher than the signal frequency, the
output current i, is relatively constant over a switching cycle.
The gate signals to the switches are determined by the following
criteria.

A. Criteria for switching on (Sa., Sp+)

Fig. 3 shows the typical waveforms of v,, i;, i, and ic. (Sa.,
Sp+) are originally off and are switched on at the hypothesized
time instant #;, so that v, equals v, m. at £ (at which ic = 0).
Thus,

dv dv
ip=C—5=C—~ 2
¢ dt dt @)
di
—(v, +v,)=12L 3)
By using i; = i¢c + i, and assuming i, to be constant,
di., di .
Be By _ VitV o go di. )
dt dt L v, +v,
Based on (2),
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Fig. 5  Steady-state performance of the inverter when R = 1 Q. (a) Time-domain. (b) State-plane.

1 L,
Avo,l =v,(t,) -V, (t) = Vomax ~ Vo ()= ELI icdt (5)

By substituting (4) and i.(¢,) =0 into éj:z i.dt, eq. (5) can

be expressed to ensure that v, will not go above v, max, (Sa-, S+)
should be switched on when

v, () 2V icz )= Vomax ~ k, (Vi»"o)icz () (6)

o,max ZC(V +v0)

i

and
io(t,)>0 (7

B. Criteria for switching on (Sa+, Sg.)

As shown in Fig. 3, (Sa+, Sp.) are originally off and are
switched on at the hypothesized time instant #;, so that v, equals
Vomin at ¢4 (at which ic = 0). Thus,

dv dv
i.=C—S<=C—% 8
¢ dt dt ®
di,
v, —v, =L—— 9
P Vo 7 ©)
By using i; = ic+ i, and assuming i, to be constant,
dt = L di. (10)
v, =V,
Based on (),
I o,
Avo,Z = Vo (t4) - vo (t3) = vo,min - Vo (t3) = EJ‘:} lCdt (1 1)
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Fig. 6  dynamics performance of the inverter under load change from 5 Q to 1 Q and vice versa. (a)
Time-domain. (b) State-plane.

By substituting (10) and i.(¢,) =0 into %L”icdt ,eq.(11) can

be expressed to ensure that v, will not go below v, min, (Sa+, Sg-)
should be switched on when

Vo (1) SV, i m ic2 (13) = Vo min + K (v; >V0)ic2 () (12)
and
i-(t;,)<0 (13)
Based on (6), (7), (12), (13) and Vomin = Vomax = Vrep the
following ” can be concluded,
O_z(ic’vo):{ k, i.C22+(v0—vm/.), l:c>0 (14
—kyic” + v, v} ic <0

The equation can further be written into a single expression of
. .2
Gz(lc,vo):c2 i +(V0_quf) (15)

where ¢, = %(l +sgn(i, ))- %(1 —segn(i, ).

o’ consists of a second-order term and is close to ¢' near the
operating point. However, discrepancies occur, when the state
is far from the operating point because of the approximations in
(4) and (10). Fig. 2 shows that the discrepancy increases
between o' and 6 when R decreases. However, near the target
operating point (“Region A”), both ¢ and o° are still
approximately equal. A phenomenon can be observed from Fig.
2(b), for any initial states below o°. The positive-state
trajectory finally enters “Region A”, where ¢° maintains the
ideal switching surface property. Practically, the discrepancy
does not affect the inverter performance.
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The control circuit can be implemented by using simple
analog devices. Multipliers are required to compute the

function of k1, k», and ié , the remaining parts can be handled by 3*\/
using a simple logic circuitry. Fig. 4 shows the block diagram ] o
—_\_/
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of the controller.

III. LARGE-SIGNAL STABILITY
Points along ¢ = 0 can be classified into refractive, reflective,
and rejective modes. The dynamics of the system will be
exhibited differently in these regions. For o7, the transition
boundary is obtained by differentiating (15) so that

1
. 0 H T H H
. i Chi 0.0V Ch2 A M4.00 Cha -~ 7.0A
di, 1 1k R chi 200v chd 100A s
— =—t—-— (16) @
dv, onoff R 2v,-v, Tek S Single Seq 250ks/s

The expression at the left-hand side can be derived by using the W@%

state equations in (1). Based on (16), the transition boundary

with (Sxs, S.) on is - /W

; v, 2ol
Clv,-v, 1 1t g L :
Sl icVe |, 7 R (17) T ; y
L. v, R 2 Vo = Vyer S :
i -~ P IR, 2 -

R
And the transition boundary with (S4_, Sg+) on is

v

o
1 i
Clv,+v 1 1t . S TR U U PO T .
R :_+_—R (18) : . MT.00ms Chd 7 7O0A
L. v, R 2v —v . :
ip—— o ®)
R Fig. 9 Transient response of the full-bridge inverter when R change from 5Q to 1Q. [Chl: v, (10

V/div), Ch2: i; (10 A/div), Ch3: v, (20 V/div), Chd: i, (10 A/div)]. (a) Timebase = 4ms. (b)
Timebase = 1ms.
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Fig. 11 Steady-state output for a full-wave rectifier load. [Chl: v, secified (5 V/div), Ch2: iy (5
A/div), Ch3: v, (20 V/div), Chd: i, (5 A/div)].

IV. SIMULATION VERIFICATIONS

An inverter with the component values tabulated in Table I is
studied. Fig. 5 shows the steady-state performance of the
inverter operated at R =1 Q and v, ;s = 10 V. Fig. 6 shows
the dynamic responses (the time-domain waveforms in Fig. 6(a)
and the phase plane in Fig. 6(b)) of the inverter under a load
change from 5 Q to 1 Q and vice versa. o determines the
switching actions of the switches when the converter is subject
to a large signal disturbance. In fig. 6(b), just before the load
change from 1 Q to 5 Q, the output voltage is approximately
equal to 14 V (i,= 14 A). When the load change to 5 Q, [i; v,]
below o> and the movement of [i, v,] will follow the
positive-state trajectory until it touch the switching surface. o”
is nearly the same as the ideal switching surface when the final
states of [i; v,] is near the target operating point. Therefore, the
output can revert back to the ac profile in two switching action.
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Fig. 12 Output voltage tracking with inductive load. [Chl: v,r(2 V/div), Ch2: v, (10 V/div), Ch3:
v, (20 V/div), Chd: i, (10 A/div)]. (a) Timebase = 4ms. (b) Timebase = 400us.
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Fig. 13 Steady-state output with 33% of input voltage variation. [Chl: v; (5 V/div), Ch2: i, (10
V/div), Ch3: v, (10 V/div), Ch4: i, (10 A/div)].

Fig. 7 shows the simulated time-domain waveforms and state
trajectories of the converter when v, is suddenly changed.

V. EXPERIMENTAL VERIFICATIONS

A 100 W full bridge inverter has been built to verify the
theoretical prediction and simulation results. The component
values of the experimental prototype are tabulated in Table I.
Fig. 8 shows the steady state operation when R = 1 Q (full load)
and R =5 Q. The output voltage is regulated at 10 V,,,,,. Fig. 9
shows the transient response when R is changed from 5 Q to 1 Q.
The output voltage can revert to the ac reference within two
switching actions. Fig. 10 shows the output voltage tracking
performance when R = 1 Q, a 50 Hz ac reference, dynamic
change from 10 V ;s to 1 Vs is used to demonstrate the voltage
tracking ability of the controller. Again, the output voltage can
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obtain near optimal response for increasing or decreasing of
voltage reference.

In practical application, a full-wave rectifier may be
connected to the output of the full-bridge inverter for providing
a rectified dc. Fig. 11 shows the steady-state output for a
full-wave rectifier load with i, ;ms = 2.76 A and v, rectifiea = 9.3 V.
Another practical loading condition is the inductive loading.
Fig. 12 shows the output voltage with an inductive load, which
is formed by connecting a ImH inductor in series with a 1Q
resistor. A phase shift of 17.4° (0.97ms) between v, and i, is
observed.

Finally, the DC input voltage source is replaced by a
diode-capacitor rectifying circuit with input capacitance equal
to 2000 pF in order to show the inverter performance with input
voltage variation. Fig. 13 shows the response of the inverter
operating at 36 W, the controller is insensitive with the input
voltage and even 33% (8.4 V) change in input voltage does
not affect the output waveform. Fig. 14 shows the harmonic
spectra of the output voltage v, for different loading condition.
Table II shows the total harmonic distortions (THDs) of the
output voltage with four loads in Fig. 14. They are all below
0.3%.

TABLEI
COMPONENT VALUES OF THE FULL BRIDGE INVERTER

Parameter Value
Vi 24V
L 500 pH
C 100 pF
R 1Q
TABLE II

TOTAL HARMONIC DISTORTIONS (THDS) OF THE OUTPUT VOLTAGE

Vo =10 Vims

Noise Level =-80 dB

Signal Freq = 50 Hz

THD calculation Freq Band: OHz to 2.5kHz (>43 orders)

Loading Condition THD + N%
Resistive load for R = 5Q. 0.178046905
Resistive load for R =1Q. 0.275200479

Full wave rectified load for P, = 36W. 0.306318266
Inductive load for L=1mH, R = 1Q. 0.206875159

VI. CONCLUSIONS

A second-order switching surface for boundary control of
DC-AC inverter is proposed in this paper. The control method
is simple and does not require any complicated calculation of
the system transfer function or control loop compensation. The
output voltage can obtain near-optimal response when it is
subject to large-signal disturbances or input voltage variation.
The control methods have been studied experimentally with a
100 W inverter prototype and provide good agreement with
theoretical prediction.
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