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Abstract - A second-order switching surface in the boundary 
control of buck converters is studied in this paper. The 
formulated switching surface can make the overall converter 
exhibit better steady-state and transient behaviors than the 
one with first-order switching surface. Most importantly, it is 
applicable for converters operating in both continuous and 
discontinuous conduction modes. The switching surface is 
derived from estimating the state trajectory movement after a 
switching action, resulting in a high state trajectory velocity 
along the switching surface. This phenomenon accelerates the 
trajectory moving towards the target operating point. The 
proposed control scheme has been successfully applied to a 
12OW buck converter. Detailed large-signal characteristics 
and comparisons with the first-order switching surface will be 
discussed. 
Index T e r n  - Boundary control, dc-dc conversion, large-signal 
stability 

I. INTRODUCTION 
Switching converters are an important class of systems 

that operate by variable structure control. Boundary control 
is a geometric based control method suitable for those 
switching converters having time-varying circuit topology. 
Based on the large-signal trajectories of the converter on 
the state plane, a switching surface is defined to dictate the 
switching actions. An ideal switching surface can achieve 
global stability, good large-signal operation, and fast 
dynamics [I]. Detailed investigations into the modeling, 
design, and analysis of the boundary control with fmt-order 
switching surface are studied in [I]-131. 

Among various boundary control methods with first- 
order switching surfaces, sliding-mode control and 
hysteresis control are widely used in power converters [4]- 
[7]. Although all those methods generally provide good 
large-signal performance and stability, the transient 
dynamics is not optimized. Much research work extend 
those concepts, such as the adaptive-hysteresis control in [8, 
91, to enhance the dynamics. However, many of them are 
only applicable for dcldc converters operating in 
continuous conduction mode. When a converter is operated 
in the discontinuous conduction mode, an additional 
boundary due to the zero inductor current is created 
inherently. An unstable combination may he emerged [2]. 
Moreover, with the presence of hysteresis band, the output 
will even have steady-state error. 

A second-order switching surface in the boundary 
control of buck Converters is presented in this paper. The 
proposed switching surface enhances the tangential velocity 
of the trajectories along the switching surface, so that the 
converter exhibit better transient behaviors than the one 
with the first-order switching surface. Instead of guiding 
the state trajectory movement as in the first-order switching 
surface, the proposed surface is derived from the natural 

movement of the state trajectory aAer a switching action. 
The scheme is applicable for converters operating in both 
continuous and discontinuous conduction modes. The 
proposed control scheme has been successfully applied to a 
120W buck converter. 
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Fk. I Circuit schematics of buck converler. 
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Fig. 2 State trajectory families ofbuck convcrtcr with U' and d .  [Solid linc: 
on-bajectorics, Dotted linc: off-trajectories] 

11. FIRST- AND SECOND-ORDER SWITCHING 
SURFACES 

The buck converter shown in Fig. 1 can be expressed 
by the state-space equation of 

i = , 4 x + B , u + ( A , x + B l ~ ) q , + ( A t x + B 2 u ) q 2  (1) 
where x = [ i L  v c ] ,  Ai and Bi are constant matrix and qi 

represents the state of the switch Si. Si is on if qi = 1, 
and is off if q j  = 0. Matrices Ao, Bo, A , ,  B,, A2, and B2 are 

A family of the on- and off-state trajectories, as well as 
the load line, is shown in Fig. 2. They are obtained by 
solving (1) with different initial conditions. The 
component values used in the analysis are tabulated in 
Table 1. The on-state trajectory is obtained by setting 
(ql , q 2 ]  = {I,  01, while the off-state trajectory is obtained 

by setting {q, , q 2 )  = {0, I}. As discussed in [I], the 
tangential component of the state-trajectory velocity on the 
switching surface determines the rate at which successor 
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points approach or recede from the target operating point. 
An ideal switching surface U' that gives fast dynamics 
should he on the only trajectory passing through the target 
operating point. Once the converter state reaches the 
surface, it will theoretically attract to the target operating 
point in one successive switching cycle. As shown in Fig. 
2, the surface of U' above the load line should be along the 
only off-state trajectory that passes the target operating 
point and the surface of U'  below the load line should be 
along the only on-state trajectory that passes the target 
operating point. The converter will follow the off-state 
trajectory, when its state is at the right band side of U' , 
The converter will follow the on-state trajectory, when its 
state is at the left hand side of U'. 

A typical first-order switching surface U' is shown in 
Fig. 2. It can be written in the following form with one 
reference setting 

where i, and vc are the capacitor current and voltage, 
respectively, i, is the inductor current, cI is the gain, R is 
the load resistance, and vmf is the desired output voltage. 

Thus, the tangential state-trajectory velocity on U' is 
non-optimal that the transient dynamics may take several 
switching cycles. A second-order surface U', which is 
near to the ideal surface around the operating point, is 
derived in the following. The concept is based on 
estimating the state trajectory aAer a hypothesized 
switching action. If the output ripple voltage is much 
smaller than the average output voltage at the steady state, 
the output current i, is relatively constant. Since 
i, = ic + i o  , the change of i ,  , AiL , equals the change of ic , 
A i c .  Fig. 3 shows the typical waveforms of v, and i, . 
vc varies between a maximum value of v,,- and a 
minimum value of vc,min . The state of S is determined by 
predicting the area under i, with a hypothesized switching 
action till i, = O  and comparing the area with a fixed ratio 
of the output error at that instant. Criteria for switching SI 
are given as below. 

I;*, 
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Fig. 3 Typical wavcforms of vC and iL of buck convecter 

I )  Cr i te r ia  for switching off SI 

As depicted in Fig. 3, S, is originally in the on state 
and is switched off at the hypothesized time instant tI. The 

objective is to determine t I ,  so that vC is equal to Y ~ , ~ ~  at 
tZ (at which i, = O  ). The shaded area A ,  under i, is 
integrated from I ,  to I,. Thus, 

(3) 
I 

AV?,, = vC,,.. - vc(f l )  = - 
C 

i, d t  

A I  is approximated by a triangle. It can be shown that 

(4) 

In order to ensure that vc will not go above vC,max , S, 

should be switched off when 

and icW > 0 (6) 

2) Cr i te r ia  for switching on SI 

As depicted in Fig. 3, SI is originally off and is 
switched on at the hypothesized time instant I , .  The 
objective is to determine f 3 ,  so that vc is equal to Y , , , , ~ ~  at 
f 4  (at which ic = O ) .  The shaded area A? under i, is 
integrated from t3 to f a .  Thus, 

(7) 

Again, if A2 is approximated by a triangle, it can be 

I ,  
AV,., = - ~ ( h )  = c I,,% dr 

shown that 

In order to ensure that v, will not go below v ~ , ~ ~ . ,  SI 

should be switched on when 

= v ~ . ~ , .  +uv,". U,) icz(t3) 

and ;CO31 < 0 (10) 
For simplicity, k ,  and k,  are obtained by using the 

nominal values of via i~nd v C .  Based on (5) .  (6). (9), (IO), 
and v ~ , ~ ~ ~  = vC,- , the following U' can be 
concluded, 

The equation car] further be written into a single 
expression of 

u ' ( i , , V C ) = e , ( i , - Y C ) ' + ( Y C  (12) 
R 

where 

Compared (12) with U' in (2), U' consists of a 
second-order term. oz is close to U' near the operating 
point. However, discrepancies occur, when the state is far 
from the operating point because of the approximations in 
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(4) and (8). Implementation of the controller is shown in 
Fig. 4. 

I. . . ~  
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Fig. 4 Implementation of the controller. 

111. LARGE-SIGNAL CHARACTERISTICS 
Points along a = 0 can be classified into refractive, 

reflective, and rejective modes. The dynamics of the 
system will exhibit differently in these regions [l]. For a', 
the transition boundary is obtained by differentiating (12) 

Detailed derivation of (13) can be found in the 
Appendix. 
The expression at the left-hand-side can he derived by 
using the state equations in (1). 
transition boundary with S, on is 

Based on (13), the 

and the transition boundary with S, off is 

Detailed proofs of (14) and (15) are given in the 
Appendix. 

Fig. 5 combines the transition boundaries of (14) and 
(15) together. Ideal a' is close to CT' and should be along 
the boundary between the reflective and refractive regions. 
However, k ,  and k2 in ( 5 )  and (9). respectively, are taken to 
be constant values. These make the converter state 
possibly go through different operating regions before 
settling at the operating point. This phenomenon can be 
observed by considering the number of intersection points 
between CT' in (11) and the transition boundaries in (14) 
and (15). 

A. On-state trajectoiy 
The intersection points of the on-state trajectory and 

the transition boundaries are determined by solving (11) 
and (14). Three possible solutions of [ i r ,m,  v ~ , ~ , ]  are 

(16) I 1  U,*/ 
[it.,,, vc.,l = [-, vrsfI R 

where a , = O , , + 4 , / & ,  & = 0 1 - 4 , / & ,  O , = - 4 ( L - C R 2 ) ,  

and A ,  = L' -2CLR' +4C'R 'P ,  v,, . 
[it,on, I ,  v ~ , ~ ~  1 always occurs. [i:, , v:. ..I will have real 

solutions for 

> k , L -  R' , i f  L - C R ' L O  (19) I L  

2 cv,/ 4 v ,  
and 

[&,,, vt,,,] will have real solutions for 

having no real solution , if L - C R 2  L 0 (21) 
and 

, if L -CR' < o  (22) 
E L k ,  > 2CLR' - L2 

4C2R2vmI 4Vrd 
Derivations of (19)-(22) can be found in the Appendix. 

By combining (19)-(22), the value of kl that make the 
converter state go through the possible operating modes are 
tabulated in Table 11. 

B. Off-state trajecto? 
The intersection points of the on-state trajectory and 

the transition boundaries are determined by solving (11) 
and (15). Three possible solutions of [iL,od, Y ~ , ~ ~ ]  are 

1 1  VM (23) [ iL0f .  "c.of 1 = [R. U,</ 1 

where a, = Q2 - 4 6  , pz = O~ + 4&, 

O2 = 8 C 2  R' 

A, =L' - 2 C L 3 R 2  + 4 C ' L ' R ' k z ( ~ j ~ - - v , / ) .  

k,  + 4L2 - 4 C L R ' ,  and 

[i:,of, v&,] always occurs. vf.,,] will have 
real solutions for 

and 
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[i;,oJ, v&,] will have real solutions for 

having no real solution, if L-CR' 2 0 (28) 
and 

R' T k , >  2CLR2-L' , if L-CR2<0(29)  
4(v, - %,) 4C'RZ(v, -vm,) 

Derivations of(26)-(29) can be found in the Appendix. 

Cd~u' i" ' , " l1~~6 , Ir> 

(4 
Fig. 6 Possible in the intersections between the switching surface 

andtransitionboundaries. [ v , ~ = l . L = l , C = l , R = I . 2 , v ~ i 0 . 5 ] .  (a)CsseI: 
Refractive region only with {kl,k2)=(0.326, 0.326). @)Case It Reflective 

Regiononlywith (kl,k2)=(1.5, 1.5). (c)C-III: AlongTwo Regions 
with (k~h)=(0.731.0.731}.(d)CaseIV AlongThreeRegionswifh 

(k,$2)=(0.686, 0.686). 

By combining (26)-(29), the value of k2 that make the 
converter state go throu::h the possible operating modes are 
tabulated in Table 11. 

Fig. 6 depicts the situation of four possible cases, as 
described in Table 11. Basically, when the state of the 
converter will move along the switching surface in the 
reflective region, whic:h is similar to the sliding-mode 
control. Once the state enters into the boundary between 
the reflective and refractive regions, the system will go to 
the target operating poiut in the next switching action. 

IV. EXPERIMENTAL VERIFICATIONS 
A buck converter with the component values tabulated 

in Table I is studied. Fig. 7 shows the start-up trajectory, 
together with U' and a'. U' is formulated by having the 
same startup transients with U' (i.e., U' and U' intercept 
at the points 'A' and 'E.' in Fig. 7). The values of c,  in (2) .  
and k ,  in ( I  I )  can be shown to be equal to 

(31) k ,  = -,  vc.1 - vm/ 

'C.A 2 
- -) R 

where vc," and i,," are the values of vc and i ,  at point 
'A', respectively. 

Detailed proof of (30) and (31) can be found in the 
Appendix. 

(point 'C' in Fig. 7) on the state plane that 
k2 in ( I  I )  is obtained by considering an arbitrary point 

(32) k2 =. 'C.C - "mJ 

"C.C 1 
(ir.c - -1 R 

where vc.c and iLC are the values of vC and iL at point 
'C', respectively. 

capit"'v"It,gu ,",.I 
Fig. 7 Sm-up transient response and the Rnt and second-xder switching 

surface. [Dotted line: stall-up lrajectoty of buck converter] 

Detailed proof of (32) can be found in the Appendix. 
The values of k ,  and k2 that are chosen with this method 
gives a near optimum switching surface close to 0'. 
The hysteresis band in U' is adjusted to give the same 
output ripple voltage at the rated power as with U ' .  Fig. 8 
shows a comparison (of the simulated transient responses 
when R is changed from 2.4Q (60W) to 1.2Q (IZOW), and 

I590 



2004 35rh A n n u l  IEEE Power Elecrronirs Specialisrs Conference Aachen, Germany, 2004 

vice versa, with U’ and U ’ ,  respectively. The converter 
with U’ achieves faster transient response than that wi,th 
U’ . Fig. 9 shows the lransient responses when R is 
changed from 2.40 (60W) to 2 4 0  (6W), in which the 
converter is operated in discontinuous conduction mode 
with R = 240. Results show that steady state error exists 
with U’ and is zero with c’. The additional boundary due 
to the zero inductor current causes a shift of the effective 
output voltage reference. Figs. IO and I I  show the 
experimental results corresponding to the above testing 
conditions and are in close agreement with the theoretical 
predictions. It can be ohserved that the converter can go to 
the steady state in two switching actions. 

,,.&\.~ -l.~p.._u_-d 

% 30’ 

o s  I 5  

‘1. 

0.8 1s 
rime,r1 I $0‘ 

Fig. 8 Transient response ofR from 2.4fl to I .2R and vice versus. [ Solid 
line: d, Doned line: 0’ ] 
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Fig. 9 Transient response a f R  from 2.4n to 24R. [ Solid line: a’, Dotted 
line: 0’ ] 

“rn””’(. .M ...................... 

/+, ...; 
*$ . r. . . .  
: ............. i ...................... !l 1 

U V*“ _I 
IXII.,, 

Fig. I I Transient response ofbuck converter using second-order switching 
surface control. Load change from SA(2.4R) to OSA(24R). [Chl : v, 

(ZOOmVidiv), Ch2: vdlOV/div), Ch3: i@A/div), Ch4: i.(5A/div)l 
(Timebase: IOOpsJdiv) 

V. CONCLUSION 
A boundary control using the second order switching 

surfaces in buck converter has been proposed. Large-signal 
stability and the transient response are investigated. Results 
show that second-order switching surface can achieve near- 
optimum large-signal responses and is also applicable for 
discontinuous conduction mode. 

Table I Corn onent values of the buck convener 
Parameter 

100 H 
400 F 
1 . 2 0  

C, 0.2702 
ki , ki 0.0104,0.0104 
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APPENDIX 

I .  Proof of (13) 
By differentiating both sides of (12), 

di, -L- I 

dvc R 2 c ,  (ir - YC) 
-- 

R 

By equating U' = O  [Eq. (12)], 

( iL  --) 
"c 2 

R (A.2) _ = -  
cl vC - v ~ e J  

Substitute it into (A.2) into (A.1). it can be shown that 

2. Proof of (14) 
When q1 = 1 and 42 = 0, Eq. ( I )  can be written as 

di, - 1 1 
- - - - - Y  dl c +p 
dv, 1 . 1 -=_ 
dt C ' L - E v c  

Based on (A.4) and (AS), 

I ) 

Compared (A.7) with (13), the transition boundary 
with SI on is 

It can be rewritten as 
~ ~ i ~ - ~ ) ~ - ( " ~ " - " ~ ) ( " ~ - " , , , ) + - ( ~ ' - ~ ) ( " ~ - " ~ ) = ~  L (A.9) 
2C R RC R 

3. Proof of (15) 
When q1 = 0 and q2 = 1, Eq. ( I )  can be written as 

(A.lO) 

(A.l I )  

Based on (A. IO) and (A. 11) 
I _ -  di , 

Il= dt L V C  (A.12) dy. l i L  --vc 1 

dt C RC 
I 

Compared (A.13) with (l3), the transition boundary 
with S ,  off is 

It can be rewritten ;IS 
L L .  " 

2C R RC R 
-(iL -&)I + vc(vr - vrr, ) + - ( I L  -+vc 

4. Proof of(l9)-(22) 

= o (A.W 

The solutions are real if 
2CLR'-L'  
4C2 R' v,~, 

AI 20 => k ,  2 

They must also satisfy the conditions of 
ken 0 

and 

> O  VC.o" 
'L.on - - R 

Thus, by considering (l6)-(18), and (A.17), 
a , t O  =b @,,+4&>0 

and 
p,LO => 0 , , - 4 & L O  

Based on (A. 19), it  can be shown that 

and 

k ,  t- R' if L-CR'20  
4%, 

will give real solutions 
Based on (A.20), it can be shown 

k ,  9--. R' if L-CR'<O 
"re/ 

(A.16) 

(A.17) 

(A.18) 

(A.19) 

(A.20) 

(A.21) 

(A.22) 

(A.23) 

will have a real solulion. There is no real solution for 
L - CR' L 0. 

By substituting the solution set of (17) into (A.18), it 
can be shown that 

(A.24) I L  k ,  <-.- 
cvmJ 

will have a real solution. 

(A.18). 
Similarly, by substituting the solution set of (18) into 

ICLR' -L' 
k t  ' 4C' R 2 v m f  

(A.25) 
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will have a real solution. 
Thus, based on (A.16), (A.21), (A.22) and (A.24), (19) 

and (20) can be obtained. Based on (A.16), (A.23) and 
(A.25), (21) and (22) can be obtained. 
5. Proof of (26)-(29) 

The solutions are real if 

will have a real solution. There is no real solution for 

By substituting the solution set of (24) into (A.28). it 
L - C R ,  2 0 .  

can be shown that 

will give a real solution. 

can be shown that 
By substituting the solution set of (25) into (A.28), it 

(A.35) ZCLR’ - L 2  
4 C 2 R 2 ( v , - v , e f )  k,  > 

will give a real solution. 
Thus, based on (A.26), (A.31), (A.32) and (A.34), (26) 

and (27) can be obtained. Based on (A.26), (A.33) and 
(A.33, (28) and (29) can be obtained. The above 
calculation for k2 is valid for i& > 0 and i:,qn > 0 .  

6. Proof of (30)-(31) 

7) can be written as 
The start-up on-state trajectory (i.e., ‘X,’ to ‘A’ in Fig. 

x = (A, + A, )x+(B ,  +&)U , xo = xx, (A.36) 
The off-state trajectory (i.e., ‘A’ to ‘B’ in Fig. 7) can 

be replaced with the equivalent time reversed system given 

(A.37) 
by 

f = -(Ao + A2)x-(Bo + &)U , xo = xB 

ZCLR’ - L2 
4C’ R2(v<” - v M )  

A , > O  = k 2 2  

They must also satisfy the conditions of 
vc.sf? “f“ 

and 

Thus, based on (23)-(25), and (A.27), 
a, - 8C2 R2 vjn k, < 0 

!3, - 8C2R2 vi” k2 < 0 
and 

By using (A.29), it can be shown that 
ZCLR’ - L’ 

4C2 R2 (vi. - v n f )  
k2 2 , i f L - C R 2 < 0  

and 

, ~ ~ L - c R ’ > o  R2 

4(v, - v., ) 
k, 2 

will give real solutions. 
Based on (A.30), it can be shown that 

, if L - C R ~ < O  R’ 
4(v, -%e,) 

k,  2 

(A.26) 

(A.27) 

(A.28) 

(A.29) 

(A.30) 

(A.31) 

(A.32) 

(A.33) 

~ 
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where multiplying the system’s A and B matrices by -1 
reverses the state velocity vector and therefore gives the 
output x(-t) . 

vC,,,] 

can be obtained by solving (A.36) and (A.37) numerically. 
By substituting vC,“ and iL,“ into (2), it can be shown that 

The intersection point ‘A’ of vector xA =[iL,“ 

(A.38) VC.“ - v./ 
VC.” 

‘L.“ - - R 
By substituting vC,” and iL,“ into (12), it can be 

c, =- 

shown that 

7. Proof of (32) 

be written as 
The off-state trajectory (i.e., ‘X2’ to ‘C’ in Fig. 7) can 

(A.40) 
The on-state trajectory (i.e., from point ‘C’ to point ‘B’ 

in Fig. 7) can be replaced with the equivalent time reversed 
system given by 

i= - (Ao + A,)*- (E,  + B, )u ,  x, = xB (A.41) 
The intersection point ‘C’ of vector xc =[iL,c V ~ , ~ ]  

can be obtained by solving (A.40) and (A.41) numerically. 
By substituting Y ~ , ~  and iLC  into (12). it can be shown that 

i = (A, + A,)x + (Bo + B,)u , x, = xx2  

(A.42) VC.C - vm/ 

(iL,c - -1 
k, = 

VC.C 2 

R 
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