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Abstract—A performance comparison of boundary control with
the first- ( 1) and second-order ( 2) switching surfaces for buck
converters operating in discontinuous conduction mode (DCM)
is presented in this paper. Performance attributes under investi-
gation include the average output voltage, output ripple voltage,
switching frequency, parametric sensitivities to the component
values, and large signal characteristics. Due to the presence of the
output hysteresis band, an additional switching boundary formed
by the zero-inductor-current trajectory is created. This phenom-
enon causes a shift of the operating point in converters with 1.
Conversely, the operating point remains unchanged in converters
with 2. As well as in continuous conduction mode (CCM), 2

can make the converter revert to the steady-state in two switching
actions in DCM and gives better static and dynamic responses
than 1 in both CCM and DCM. Most importantly, its control law
and settings are applicable for both modes. Experimental results
of a prototype are found to be in good agreement with theoretical
predictions.

Index Terms—Boundary control, geometric control method,
first-order switching surface, second-order switching surface,
state trajectory control.

I. INTRODUCTION

SWITCHING converters are a class of systems that operate
by variable structure control. Among various approaches,

boundary control—a geometric control method—is suitable for
switching converters having time-varying circuit topology. It
addresses complete operation of a converter and does not dif-
ferentiate startup, transient, and steady-state modes [1]. Based
on studying the trajectory families for the converter on the phase
plane, a switching surface is defined to dictate the switching ac-
tions. Detailed investigations into modeling and analysis of the
state trajectory movement in the boundary control of converters
with the first-order switching surface have been carried
out in [1]–[8]. In general, -derived boundary controllers offer
good large signal response and stability to the converter system,
but the transient dynamics is still nonoptimal. Much research
work extends the concepts, such as the adaptive hysteresis con-
trol in [9] and [10], to enhance the dynamics. However, many
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of them are only applicable for converters operating in contin-
uous conduction mode (CCM). When a converter is in discon-
tinuous conduction mode (DCM), an additional boundary due to
the zero inductor current is created inherently. An unstable com-
bination or limit cycle may emerge. Moreover, the hysteresis
band causes undesirable output steady-state error.

The concept of the second-order switching surface is
proposed in [11]–[13]. It is derived by estimating the state
trajectory movement after a switching action, resulting in a
high state trajectory velocity along the switching surface. This
phenomenon accelerates the trajectory moving towards the
target operating point. Converters with exhibit better dy-
namic characteristics than the ones with . Instead of directing
the state trajectory movement, as in , the proposed surface is
derived from the natural movement of the state trajectory after
a switching action. The goal is to make the converter revert
to the steady state in two switching actions under large signal
disturbances. The same control law and settings are equally
applicable for converters operating in DCM.

Much research done on boundary control of buck converters
has focused on the behaviors of converters operating in CCM.
The hysteresis band is usually assumed to be zero in the
analyses. There is limited information on studying the charac-
teristics of the converters in DCM. The critical resistances of
the buck converters with and theoretically tend to infinity
with zero hysteresis band and thus DCM does not occur for a
large signal stable switching surface. However, the switching
frequency will also tend to infinity. Thus, a hysteresis band will
usually be introduced to limit the switching frequency. With
nonzero hysteresis band, an additional switching boundary
formed by zero-inductor-current trajectory is created and pos-
sibly makes the converter enter into DCM. Fig. 1(a) depicts the
state trajectories and Fig. 1(b) shows the time-domain output
voltage and inductor current waveforms of converters in DCM
with . The output capacitor discharges to the load and the
trajectory will move along the -axis, when the main switch
and the diode are off from to . This results in a shift of the
average output voltage. Fig. 2(a) illustrates the output voltage
shift when the output load is changed from to , where

and is the critical resistance. The
operating point is shifted from “ ” (when the load is ) to
a new operating point “ ” (when the load is ). When the
load is , the converter is in CCM and the average output
voltage is close to the reference voltage . However, when
the load is , the average output will move away from “ .”
For converters with , the operating point remains unchanged.
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Fig. 1. Phase-plane and waveforms of the buck converter in DCM. (a) State trajectories with nonzero hysteresis band. (b) Time-domain output voltage and inductor
current waveforms.

Fig. 2(b) shows the state trajectories when the load is changed
from to . In this respect, exhibits a better static
behavior than .

This paper gives a performance comparison of boundary con-
trol with and for buck converters operating in DCM.
Performance attributes under investigation include the average

output voltage, output ripple voltage, switching frequency, para-
metric sensitivities to the component values, and large signal
characteristics. The equivalent series resistance of the output ca-
pacitor on affecting the operating mode will also be discussed.
It will be shown that provides better dynamic responses than

for converters operating in both CCM and DCM. Ideally, the
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Fig. 2. Shift of operating point of the converter in DCM with different loads. (a) � . (b) � .

converter can revert to the steady state in two switching actions
under large signal disturbances. Most importantly, the control
law and setting of are applicable both modes. The theoretical
predictions are verified with experimental results of a prototype.

II. DEFINITIONS AND FORMULAS

The converter can be described by the state-space equation of

(1)

where , and are constant ma-
trices, and represents the state of the switch . If is on,

, and vice versa. and represent the switch and diode,
respectively. Matrices , and are
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A. On- and Off-State Trajectories

When is on and is off, the on-state trajectory
is

(2)

where and are the initial values of and , respec-
tively, in this stage.

When is off and is on, the off-state trajectory
is

(3)

where and are the initial values of and , respec-
tively, in this stage.

When both and are off, the trajectory moves along the
-axis and .

B. Modeling of and

As discussed in [13], the general form of can be written as

(4)

(5)

where is a constant and is the reference output. and
are in a linear relationship.
As discussed in [11]–[13], the general form of is defined

as

(6)

(7)

where and are constants.
If , the ideal values of and are

(8)

C. Average Output Voltage and Output Ripple Voltage

and are defined as the mean and the difference
of the minimum output voltage and the maximum output
voltage , respectively. That is

(9)

(10)

Fig. 3. Steady-state trajectories in DCM. (a) � . (b) � .

III. STEADY-STATE CHARACTERISTICS

Fig. 3(a) and (b) shows the trajectory with and in DCM,
respectively, with

(11)

(12)

where and
.

In DCM, both and are off from to , therefore

(13)

where .
By putting (11)–(13) into (2)

(14)
where .
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Similarly, by putting (11)–(13) into (3)

(15)

where .

A. Average Output Voltage and Output Ripple Voltage

1) : As shown in [13], the converter is in critical mode,
when

(16)

where is the critical load resistance for .
By putting (13) into (4) and (5), they give

(17)

(18)

By rearranging (18)

(19)

By using (17) and (19) to solve (14)

(20)

where

By substituting (20) into (17), it can be shown that

(21)

By substituting (20) and (21) into (15), equation (22), shown
at the bottom of the page, can be illustrated.

As shown in [13, eq. (25) and (27)], and can be
derived as

(23)

(24)

By using (20) and (21), (23) can be expressed as

(25)

By using (13) and (19), (24) can be expressed as

(26)

Thus, by putting (25) and (26) into (9)

(27)

Thus, the value of with is dependent on .
By putting (25) and (26) into (10), it can be shown that

(28)

When and

(29)

(30)

2) : As shown in [13], the converter is in critical mode,
when

(31)

where is the critical load resistance for .
By putting (13) into (6) and (7)

(32)

(33)

By solving (33) for , it gives

(34)

(22)
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By solving (14) with (32) and (34), it gives

(35)

where

By substituting (35) into (32), it can shown that

(36)

By substituting (35) and (36) into (15), equation (37), shown
at the bottom of the page, is illustrated.

By using (35) and (36), (23) can be expressed as

(38)

By using (13) and (34), (24) can be expressed as

(39)

By substituting (38) and (39) into (9), it can shown that

(40)

By putting (38) and (39) into (10)

(41)

When and

(42)

(43)

With the ideal values of and in (8)
(44)

(45)

for . It can be noted that is independent on .

B. Switching Frequency

In DCM, and . With
, the average output current can be expressed as

(46)

(47)

Therefore, the switching frequency can be expressed as

(48)

1) : Thus, the switching frequency for can be obtained
by substituting (21) into (48)

(49)

2) : The switching frequency with can be calculated
by substituting (36) into (48)

(50)

C. Simplified Expressions of , and

Equations (29), (30), and (49) give the expressions of
, and for converters with , while (40), (41),

and (50) give the expressions for converters with . In order
to study their relationships with , some simplifications have
been made in the following.

1) : By substituting into (5) and
assuming

(51)

where .
By substituting with in (20) and comparing the re-

sult with (51), it gives

(52)

(37)
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Fig. 4. Steady-state characteristics of converters with � . (a) v . (b) v .
(c) f .

Then, by putting (52) into (28), it gives

(53)

Fig. 5. Steady-state characteristics of converters with � . (a) v . (b) v .
(c) f .

By putting (20) and (52) into (21), it can be shown that

(54)
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Fig. 6. Shift of steady-state trajectories against r . (a) The on- and off-state tra-
jectories. (b) Converter trajectories with � . (c) Converter trajectories with � .

Thus, by substituting (54) into (48), the switching frequency
can be expressed as

(55)

TABLE I
COMPONENT VALUES OF THE PROTOTYPE

Fig. 4 shows the steady-state characteristics against the load
current . is the value of when .

2) : For the ideal values of and in (8),
. Thus

(56)

By substituting with , and (35) into (36), (40), and (41),
it can be shown that

(57)

(58)

(59)

Thus, by putting (57) into (48), the switching frequency can be
expressed as

(60)

Fig. 5 shows the steady-state characteristics against the load cur-
rent .

D. Effects of on the Operating Mode

As illustrated in Fig. 6(a), the on- and off-state trajectories
vary with . Fig. 6(b) and (c) shows the shifts of the steady-
state trajectories with different values of for the converter
with and , respectively. The analyses are based on the com-
ponent values tabulated in Table I. The converter changes from
DCM to CCM, as increases. Moreover, the steady-state on
and off trajectories will move along the same path and become
a straight line. Similar to the method described in [3], a straight
line of slope connecting the two switching instants and
can be expressed as

(61)



1204 IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 22, NO. 4, JULY 2007

Fig. 7. Maximum values of � ; � , and � at different duty cycle D .

By putting and assuming that the line passes through
the point in CCM, (61) can be expressed as

(62)

Thus, the critical value of , that the converter starts
operating in CCM can be calculated by substituting (19) into
(62) for , and (34) into (62) for . For

(63)

For

(64)

IV. PARAMETRIC VARIATIONS ON THE

CONVERTER CHARACTERISTICS

The components and , and are subject to variation

(65)

(66)

(67)

where , and are the nominal values of , and
, respectively, and , and are the fractional variations

of , and , respectively. Sensitivities of , and
to , and are based on (51), (53), and (55) for and

(58)–(60) for .

A. With

By putting (65)–(67) into (51), (53), and (55), the percent
change of , and is

% (68)

%

(69)

%

(70)

where is a nominal duty cycle

and

B. With

By substituting (65)–(67) into (58), (59), and (60), the percent
change of , and from its nominal value is

% (71)

% (72)

% (73)
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Fig. 8. Transition boundaries of the upper and lower bounds. (a) � . (b) � .

where By using the function of “fmincon” on MATLAB, Fig. 7
shows the maximum value of , and at different duty
cycle from 0.1 to 0.7, where is subject to a maximum
variation of 20% (i.e., ), and and
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Fig. 9. Circuit implementations of the two controllers. (a) � . (b) � .

are subject to a maximum variation of 10% (i.e.,
).

The in [see (71)] is sensitive to the component
variation, as compared with [see (68)]. It is mainly because

is dependent on the component values, while is explic-
itly determined. However, as shown in (71), , the
variation of with respect to parametric variation is very
small.
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Fig. 10. Transient response of buck converter when load change from 0.2 A
(2.4 W) to 0.8 A (9.6 W), and vice versa. [Ch2: i (2 A/div), Ch3: v (10 V/div),
Ch4: i (500 mA/div)] (Timebase: 250 �s/div). (a) � [Ch1: v (200 mV/div)].
(b) � [Ch1: v (100 mV/div)].

Comparing (69) with (72), the variation of in is
much less than that of . The former one only varies between

15% and 20%, while the latter one can be up to 200%.
Comparing (70) with (73), the frequency variations in the two

switching surfaces are the same.

V. LARGE SIGNAL CHARACTERISTICS

The large signal analysis method shown in [13] is based on
assuming that the hysteresis band is zero. As DCM is introduced
by nonzero hysteresis band, the large signal characteristics are
studied by considering the transition boundaries of the upper
and lower bounds. The transition boundaries with and
are shown in Fig. 8. As illustrated in Fig. 8(a), the transition

Fig. 11. Transient response of buck converter when load change from 0.5 A (6
W) to 3 A (36 W), and vice versa. [Ch1: v (200 mV/div), Ch2: i (5 A/div),
Ch3: v (10 V/div), Ch4: i (2 A/div)] (Timebase: 250 �s/div). (a) � . (b) � .

boundaries for and are all in the reflective regions
(as shown in [13, Fig. 5(a)]) and thus the converter is in the
sliding mode. The transition boundaries for and are
similar to the ones in CCM and are always on the boundaries of
reflective and refractive regions [Fig. 8(b)]. It exhibits the ad-
vantages of providing near-optimum transient response to large
signal disturbances.

VI. EXPERIMENTAL VERIFICATIONS

A buck converter with the component values tabulated in
Table I is studied. The same power circuit is controlled by two
different boundary controllers. Fig. 9(a) and (b) shows the cir-
cuit schematics of the controllers with and , respectively.
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Fig. 12. Transient response of buck converter when I is changed from 2 A
(24 W) to 0.2 A (2.4 W). [Ch1: v (100 mV/div), Ch2: i (2 A/div), Ch3: v (10
V/div), Ch4: i (2 A/div)] (Timebase: 50 �s/div). (a) r = 100 m
. (b) r =

200 m
.

Comparing the two controllers, their only differences are the in-
clusions of a multiplier, several logic gates, and comparators for
the switching criteria in realizing .

The parameter in is obtained by optimizing the startup
transient as in [13]. Fig. 10 shows the transient responses with

and , respectively, when the output load is changed from
0.2 A (2.4 W) to 0.8 A (9.6 W), and vice versa. It can be seen that
the output has a voltage drift in and does not appear in .
takes about 200 s to settle, while has virtually no transient
period. Fig. 11 shows the converter response when it is subject
to a large signal change that the load is changed from 0.5 A
(6 W) to 3 A (36 W), and vice versa. The operating mode of the
converter is switched between DCM and CCM. The converter

Fig. 13. Measurement results of the steady-state characteristics of converters
with � and � . (a) v . (b) v . (c) f .

with takes more than 500 s to settle from 0.5 to 3 A and
takes 200 s from 3 to 0.5 A. The one with takes about 50 s
to settle from 0.5 to 3 A and takes 150 s from 3 to 0.5 A. Thus,
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exhibits better dynamic response than . With the same
control law, the converter with can regulate the output in both
modes and there is no voltage drift. The dynamic response with

is much better than that of . Fig. 12(a) and (b) shows the
converter output with equal to 100 and 200 m , respectively.
The output current is changed from 2 to 0.2 A. The equivalent
value of when A is 60 . Based on (64),
115 m . When 100 m , the converter at 0.2 A is
close to the critical mode [Fig. 11(a)]. When 200 m , the
converter at 0.2 A is in CCM [Fig. 11(b)]. This confirms the
discussion in Section III. Fig. 13 shows the measurement results
of , and with and , as compared with (29),
(30), and (49) for and (40), (41), and (50) for . Theoretical
predictions are in good agreement with experimental results.

Based on the experimental observations, the boundary con-
trollers with have the following advantages over than the
ones with .

1) The same controller is applicable for converters operating
in both CCM and DCM.

2) No voltage drift occurs, even if the converter is in DCM.
3) The dynamic response is better. The converter can ideally

revert to the steady state in two switching actions.
4) The optimal values of the control parameters can be ob-

tained readily by considering the component values. It is
unnecessary to use a trial-and-error approach to determine
the control parameters.

5) The ripple voltage is relatively constant over the load range
with .

Nevertheless, the advantages are at the expense of requiring
more circuit components for implementing the switching
criteria.

VII. CONCLUSION

A comparative study of the static and dynamic behaviors of
buck converters operating in DCM with the first- and second-
order switching surfaces have been examined. Detailed mathe-
matical analyses have been given and have been supported by
experimental measurements.
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